Introduction {#Sec1}
============

Complex systems are organized, by evolution or design, to satisfy the optimization conditions including the minimization of the traveling time in the transportation system^[@CR1]^ and the maximization of the stability of the airline networks^[@CR2]^, the resilience of the power-grid system^[@CR3],[@CR4]^, and the growth rate of cellular networks^[@CR5]^. Likewise, the locations of facilities are expected to be subject to various optimization conditions^[@CR6]--[@CR8]^. Despite the complexity of the facility location decisions^[@CR9],[@CR10]^, the empirically observed distributions of facilities often show simple and universal features, revealing the nature of the underlying optimization problem. Most remarkably, the spatial density of facilities scaling with the population density^[@CR11]--[@CR13]^ with exponent 2/3 or $\documentclass[12pt]{minimal}
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                \begin{document}$$1$$\end{document}$ implies that they are distributed to minimize the social opportunity cost such as the commute distance or to maximize the economic profit depending on the distribution of available customers^[@CR14]^.

For coping with diverse social or economic demands in real-world applications, the objective function in the facility distribution optimization may need to be expanded beyond the commute distance or profit. Towards developing such a general theory, here we consider as an example the problem of distributing hospitals across districts to minimize the total fatalities of tuberculosis (TB) by using the empirical data of Korea. While the chemotherapy for TB is well established, showing a success rate as high as 85% on average^[@CR15]^, TB spreads annually to about 10 million patients, being a major cause of death worldwide^[@CR15],[@CR16]^. In Korea, the incidence of TB is 77 per 100000 as of 2016, which is high compared with other developed countries, e.g., the member countries of the Organization for Economic Cooperation and Development^[@CR17]^. Patients with TB can be cured if they are diagnosed and get treatment timely. Visiting a hospital and taking drugs for about 6 months are necessary for the full recovery from TB^[@CR18]^, which may not be easy from the patients' perspective. Therefore, the accessibility of local hospitals and the well-trained attending staff providing consistent treatment and care should be crucial for the treatment of TB^[@CR16],[@CR19]^, which is recognized also in the reports of the World Health Organization^[@CR15]^. The correlation between the hospital distribution and the fatality rate of TB in a district is indeed identified in the Korea TB data-sets which we will analyze in the present study; The fatality rate in a district tends to decrease as the areal density of hospitals therein increases, which is an important point demanding a quantitative explanation and leads us to expect that relocating hospitals across districts may reduce the total fatalities of TB nationwide.

The optimal distribution of hospitals across districts minimizing the total TB fatalities depends on the concrete form of the fatality rate as a function of the hospital density, which is, however, unknown; The empirically observed negative dependence cannot give this information, as districts are different not only in the hospital density but also in various other properties such as area or population. To address the district-dependent fatality rate, we take a modeling approach, in which the fatality rate is assumed to be identical to the probability of a patient *not* to visit a hospital and get the medical treatment for the duration period of TB. This is motivated by the expectation that a patient is very likely to be cured once she/he gets a proper treatment in a hospital, given the high success rate of the TB chemotherapy equally applicable to all districts. In this framework, the fatality rate turns out to be an exponentially decaying function of the hospital density, and we are able to derive the optimal hospital densities in all districts the collection of which decreases the total fatalities of TB by 13% from the current value. The predicted optimal hospital density is given by a logarithmic function of the rescaled patient density. Our results delineate an analytic approach to the facility optimization problem under an objective function from a public health perspective. The limitation and further generalization of the results will be discussed.

Results {#Sec2}
=======

TB fatality rate and hospital density: Empirical data {#Sec3}
-----------------------------------------------------

The incidence and mortality of TB are well recorded in Korea. In Statistics Korea^[@CR20]^, we obtain for district $\documentclass[12pt]{minimal}
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                \begin{document}$$i=1,2,\ldots ,I=228$$\end{document}$ in year 2014 the number of the newly reported TB patients $\documentclass[12pt]{minimal}
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                \begin{document}$${N}_{i}$$\end{document}$, the number of dead TB patients (fatalities) $\documentclass[12pt]{minimal}
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                \begin{document}$${D}_{i}$$\end{document}$, the number of private general hospitals $\documentclass[12pt]{minimal}
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                \begin{document}$${a}_{i}$$\end{document}$. Here "district" includes three distinct units for administrative division, Gu, Gun, and Si, with the population ranging from $\documentclass[12pt]{minimal}
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                \begin{document}$${10}^{6}$$\end{document}$ and smaller than the metropolitan cities.

We are interested in the fatality rate $\documentclass[12pt]{minimal}
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                \begin{document}$${\phi }_{i}$$\end{document}$ of TB, defined as the ratio of the number of dead TB patients to the number of new TB patients reported for one year in each district $\documentclass[12pt]{minimal}
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                \begin{document}$${\phi }_{i}\equiv \frac{{D}_{i}}{{N}_{i}}.$$\end{document}$$

It is quite different from district to district, ranging between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$0.25$$\end{document}$, as shown graphically in Fig. [1(a)](#Fig1){ref-type="fig"}. What drives such difference in the TB fatality rate? Taking regularly medical treatments and examinations in hospitals may be the most important for curing TB, which is available in the easy-to-frequently-access medical environment established in the local community. Therefore a difference in the abundance and accessibility of hospitals in the patients' residential districts will be a major factor giving rise to such variation of the fatality rate with district. In this light, we investigate the relation between the fatality rate $\documentclass[12pt]{minimal}
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                \begin{document}$${\phi }_{i}$$\end{document}$ and the areal hospital density$$\documentclass[12pt]{minimal}
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                \begin{document}$${\eta }_{i}\equiv \frac{{H}_{i}}{{A}_{i}},$$\end{document}$$in unit of km^−2^. In Fig. [1(b)](#Fig1){ref-type="fig"} $\documentclass[12pt]{minimal}
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                \begin{document}$${\eta }_{i}$$\end{document}$; The larger the hospital density is, the smaller the fatality rate is. This correlation is significant with $\documentclass[12pt]{minimal}
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                \begin{document}$${\rm{P}} < {10}^{-4}$$\end{document}$. Yet the dependence does not look so strong as expected. This will be shown to be due to that the fatality rate of a district may depend not only on the hospital density but also on other characteristics. In this work, all correlation values are measured in linear scales.Figure 1Distribution and relations of the TB fatality rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ in Korean districts at the level of Gu, Gun, and Si. The unit of $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ is km^−2^. (**a**) The TB fatality rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ is represented by color in 228 districts. Seoul, the capital city, has 25 Gu's and is shown separately. (**b**) Fatality rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta $$\end{document}$. Open circles are the raw data for all districts and filled squares represent the average fatality rate for each given hospital density with the standard deviations as errorbars. The Pearson correlation coefficient is −0.26 with P-value 0.000070 for all districts and −0.25 with $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ non-zero. (**c**) Hospital density $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$. As in (**b**), open circles and filled squares represent the raw data and the average value, respectively. The solid line fits the averaged data and its slope is $\documentclass[12pt]{minimal}
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                \begin{document}$$1.05\pm 0.07$$\end{document}$. Inset: The same plot for the districts with $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta  > 0$$\end{document}$. The fitting line has slope $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.80\pm 0.045$$\end{document}$.

What principle underlies the current spatial distribution of hospitals? The scaling behavior with respect to the patient density has hinted at the answer^[@CR14]^. The hospital density scales with the areal TB patient density $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =1.05\pm 0.07$$\end{document}$ when all districts are included, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =0.80\pm 0.045$$\end{document}$ when the districts having no private general hospital are excluded \[Fig. [1(c)](#Fig1){ref-type="fig"}\]. Many other properties also scale with respect to the patient density. The patient density is almost linearly related to the population density $\documentclass[12pt]{minimal}
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                \begin{document}$${P}_{i}$$\end{document}$ the number of people living in district $\documentclass[12pt]{minimal}
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                \begin{document}$$1$$\end{document}$, rather than 2/3^[@CR14]^. These results suggest that the profit maximization affects the hospital distribution. For self-containment, let us sketch the corresponding optimization calculations. The sum of the economic profits of all hospitals distributed across *I*′ districts in a country is given by$$\documentclass[12pt]{minimal}
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Our question is then whether the current hospital distribution, seemingly maximizing the economic profit, is the best also for minimizing the total fatalities of TB$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${E}_{{\rm{fatalities}}}=\mathop{\sum }\limits_{i=1}^{I{\prime} }\,{D}_{i}=\sum _{i}\,{N}_{i}\,{\phi }_{i}.$$\end{document}$$

Can $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\{{N}_{i}\}$$\end{document}$ but take them for given; The onset and spreading of the TB or a general epidemic disease depend strongly on the topology of human contact networks and the infection rate, which is another important research topic and has been studied extensively^[@CR21],[@CR22]^.

Fatality rate as a function of hospital density: Model {#Sec4}
------------------------------------------------------
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                \begin{document}$${\phi }_{i}$$\end{document}$ in Eq. ([1](#Equ1){ref-type=""}) can be considered as the probability of a TB patient to die, losing the opportunity to get proper medical treatment in time. Our idea is to approximate the latter by the probability that a patient does not visit any hospital in her/his residential district for a given period $\documentclass[12pt]{minimal}
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Lattice constant and dimensionless quantities {#Sec5}
---------------------------------------------

To relate the survival probability in the 2D trapping problem to the fatality rate of TB, we need to convert the empirical data into dimensionless ones of Eq. ([11](#Equ11){ref-type=""}). To this end, we discretize the region of each district $\documentclass[12pt]{minimal}
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The lattice constant can be obtained by using the estimated $\documentclass[12pt]{minimal}
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Optimal hospital density {#Sec6}
------------------------

The fatality rate formula in Eq. ([14](#Equ14){ref-type=""}) is applicable to $\documentclass[12pt]{minimal}
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Equations ([19](#Equ19){ref-type=""}) and ([20](#Equ20){ref-type=""}) are the main results of the present study. Remarkably the optimal hospital density and the patient density are rescaled commonly by $\documentclass[12pt]{minimal}
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The scattered distributions of the empirical data in Fig. [4](#Fig4){ref-type="fig"} show clearly the deviation of the current distribution of hospitals from the optimum minimizing the total fatalities of TB. The minimized total fatalities $\documentclass[12pt]{minimal}
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To achieve such reduction in the total fatalities, the hospital density should be increased in some districts and decreased in others \[Fig. [5(b)](#Fig5){ref-type="fig"}\]. For instance, Gyeongju-si should have its hospital density 1.61 times larger than the current hospital density but Yeonggwang-gun 0.534 times larger than the current one. In Fig. [6(a)](#Fig6){ref-type="fig"}, 143 districts are colored blue (red) if the optimal hospital density is larger (smaller) than the current hospital density. Interestingly, the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\rho }{\tilde{\eta }}$$\end{document}$ have their fatality rate decreased (increased) as they gain (lose) hospitals \[Fig. [6(c)](#Fig6){ref-type="fig"}\]. It is remarkable that the changes of the hospital density and the fatality rate are determined not by the patient density or the population density but the rescaled patient density.Figure 6Changes of the hospital density by optimization. (**a**) The logarithmic ratio of the optimal to current hospital density $\documentclass[12pt]{minimal}
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Summary and Discussion {#Sec7}
======================

We have here proposed a modeling framework which predicts the optimal distribution under a general objective function, going beyond the previous descriptive explanations for the facility distribution. In deriving the optimal hospital distribution over districts for minimizing the TB fatalities in the whole country, we have found that the characteristic hospital density of each district plays an important role in the optimization. The random-walk nature of the coarse-grained trajectories of patients has been assumed in establishing a theoretical model, and the lattice constant of each district has been introduced to connect the theoretical results and the empirical data. The incorporation of such heterogeneity of districts in the theoretical study of the facility optimization is done only in the present study and can be useful in future studies.

Examining the assumptions and limitations of the proposed model may help better understand and improve its predictive power. The exponential decay of the fatality rate with the hospital density given in Eq. ([14](#Equ14){ref-type=""}) is valid when the dimensionless hospital density is low, $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)$$\end{document}$ a decreasing convex function such as exponential, stretched exponential, or power law, the optimal hospital density will be given by $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)$$\end{document}$ and reduces to Eq. ([19](#Equ19){ref-type=""}) in case of $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)$$\end{document}$ being a power law is presented in the [SI](#MOESM1){ref-type="media"}. Regarding the robustness of the functional form of the fatality rate, it will be of interest to investigate which model of walk with traps exhibits such a power-law survival probability.

We have counted only the private general hospitals, but there are mostly found one or two public health centers in a district, which can also provide the medical treatment to TB patients although its portion may not be large^[@CR35]^. One can optimize the private hospital distribution considering the contribution of the public health centers to the TB treatment, which is presented in the SI and Fig. [S4](#MOESM1){ref-type="media"}. The results remain unchanged qualitatively. Extending the trajectories of patients to the nearby districts can be one way of making the model more realistic, which will address how the similarity or dissimilarity of adjacent districts may affect the fatality rate and the total fatalities. A correlation may be expected between the economic level of a district and the fatality rate of a disease, which is not significant in case of TB in Korea \[Fig. [S5](#MOESM1){ref-type="media"}\], as the TB treatment is covered by the national medical insurance in Korea^[@CR36]^, but should be considered in the application to other diseases or other countries. When a given number of hospitals can be opened or should be shut down for financial or other reasons, our results will be helpful for the investigation of the optimal locations.

Methods {#Sec8}
=======

Data-sets {#Sec9}
---------

Under the control of the Ministry of Health and Welfare, several organizations such as the Korean National Tuberculosis Association and Korea Centers for Disease Control and Prevention cooperate to prevent and eradicate tuberculosis in Korea^[@CR36]^. The related information has been well recorded, which is accessible through Statistics Korea^[@CR20]^. The data-sets used in the present study have been collected district by district. As a result, 37347 new TB patients, 330 hospitals, and 2127 dead patients for 228 districts in year 2014 have been considered in the present study. The hospitals considered in our study are the private ones classified as general or superior general hospitals in the Korean Medical Service Act. The theoretical modeling for the fatality rate applies for $\documentclass[12pt]{minimal}
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                \begin{document}$${I}_{s}=143$$\end{document}$ districts which have at least one hospital and at least one dead patient. The total number of new and dead patients, and hospitals in those 143 districts are 32322, 1718, and 328.

Monte carlo simulation {#Sec10}
----------------------

To illustrate the hospital relocation process, we perform the zero-temperature Monte Carlo (MC) simulation in which hospitals are relocated over $\documentclass[12pt]{minimal}
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                \begin{document}$${I}_{s}$$\end{document}$ districts towards decreasing the energy, equal to the total fatalities given in Eq. ([21](#Equ21){ref-type=""}), as follows:(i)Initially the number of hospitals in each district is set equal to the empirical data.(ii)For two randomly selected districts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j$$\end{document}$, consider moving $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta H$$\end{document}$ hospitals from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j$$\end{document}$ as long as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H}_{i}-\Delta H > 0$$\end{document}$.(iii)Accept this relocation if the energy change $\documentclass[12pt]{minimal}
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We find that the energy becomes stationary around $\documentclass[12pt]{minimal}
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                \begin{document}$$t={10}^{3}$$\end{document}$ MC steps and thus we run the simulations just up to 10^4^ MC steps \[Fig. [5(b)](#Fig5){ref-type="fig"}\]. $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta H$$\end{document}$ represents the amount of hospitals moved by one relocation. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta H\lesssim 0.05$$\end{document}$, the hospital configuration and the energy in the stationary state coincide with the theoretical predictions in Eqs. ([19](#Equ19){ref-type=""}) and ([21](#Equ21){ref-type=""}), respectively. Replacing the initial hospital configuration by a random one, the energy and the hospital configuration in the stationary-state are not changed but remain the same as the theoretical prediction. Since a hospital relocation is accepted only when the corresponding energy change is not positive, this simulation corresponds to zero temperature $\documentclass[12pt]{minimal}
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                \begin{document}$$T=3\times {10}^{-9}$$\end{document}$ but the hospital configuration and the energy in the stationary state are found to be the same as those of the zero-temperature MC simulation.
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